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1»    Introduction and ggamjg 

In this paper wo describe sequential lifo toot proooduroo.    As 

in « recent pops? fc'Sj devoted to non-eeqoential oothodo we con si dor the 

special COM in which tho underlying distribution of th» longth of life is 

given by tho exponential density 

-Ve 
(1) f (x,9) - | o        , x > 0 

whs re in« unknown para»«t*r © > 0 can be thought of physically as the ruesai 

lifo.    Our primary «1« ia to test the simple hypothesis ft : 9 - 9   against. 

tho Dimple alternative H^? 9 - f»   (eo > 9^) with type I and II errors «qual 

to proas signed values a and 0 respectively.    The test is carried out by 

drawing n items «it random fro» the population and placing them all on a life 

test.    Ws consider both the replacement case, in which failed itess are 

iamediately replaced by n»» items, and the non-replscemsnt ease0 

An interesting      feature of the test'» Is that they can be tormina tad 

either at failure times with rejection of H   or at any time between 

failures with acceptance of H .    Sine« abnonrally long iriervals between 

failures furnish "information" In favor of H_ and abnormally short intervals 

furnish "infonaation** in favor of H,, the above features are not only 

reasonable but actually ciesirablse    These features were pointed out in 
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CwJ-    Similar problems inealving a continuous tiiae paramoiw have 

recently appeared in £'*j sad /*5_7« 

In this paper we obtain likelihood ratio tests, giro formulae for 

th« O.C. curve, for the expected number of failures EQ(r) «id ths expected 

waiting time E (t) before a decision 1« reached.    In the replacement case 

where th« number of itams «o tost throughout the experiment is the 

namely n, it is shown thit   E (t) - - E„(r).    A table giving valutB of L(9)f 

E»(r) and Ea(t) for certain choices of — , a, and & is given for the 

j replace«» nt ea 

2. Basic Formulas) 

VJald'i work or. sequential analysis £lj can b« used virtually 

without modification in a situation where decision« rirs ss.de continuously. 
I 

In fact, in a truly continuous situation, Wald': formulae bacon» txact 

since there is then no excess over the boundary.    It. will become clear a« 

we proceed, that in the problem at hand, the situation can be termed semi- 

continuous (not to be confused with the concept of the seme nams ir. real 

variable tluory) since there is no excess over th» boundary used for 

accepting H , but there will in general be see» excess over the bou.rrii.ry 

used in accepting K_„ 

Let us assume that the underlying p„d«fa is (l).    n items are 

drawn at random free (I* and pl--sd on life test.    We wish to test 

H : 9 • 9C against H^s 9-9- with typs I error - o and type II » 0. 

Information Is available continuously and it is readily verified that a 

continuous analogue of the sequential probability ratio test of tfald can be 

used.    The decision as time unfolds depends en 

i 
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%*iero B and A «re constants, d$»wli« oo a. and p, such that B < 1 < A. 

The decision to ccntinue experimentation ia made aa long as tha inequality 

(2) holds.    If, at th« tiss the experiment is stopped,  th« first inequality 

in (2) ia violated we accapt H ; if th« aacond inequality ia violated, we 

accept a,.    As in Wald's caa« the test obtained by setting B - —£— , 

(1) 1 " * A » L^ufi   ia a eati«factory solution of the problem        fro» a practical 
'Je 

point of vi«w„ 

T(t) in (2) is a statistic which can be interpreted aa the total 

life observed up to time t.    Is the replace—nt eaa« 

(3) V(t)    * nt. 

(i)    It 1»B3 . een pointed out by Uald that in order to have a teat of exactly 
strength (a,0), A and B in (2) should be replaced by A* and B*, where 

JL \       " -«ft 
A   < —•    and    B   > -*— •    In the present case, due to the fact that 

"*   a — 1-a 
information is available continuously in time, ws know that 

« Ö 
B   - B • -— , aince acceptance of H   involves no excess over the 

l«<t ° 
boundary.    However, acceptance of H-  does in general entail s positive 

"*• # 
excess owr the boundary„ and all ws can say initially about A    is that 

it should lie between A&j/ö0 and A„    Thus using A - i-^- instead of A 

is an approximation«,    The approximate test based on u«ing A and B is 
coopletely suitable since its strength (a',ft') is such that 

a 
a1 < c, & < 0s < =r~ i    and   a« • B1 < a + p /*7, PP» t5-o_7.    Since 

a and $ are generally email (< „10 say), a procedure based on using A 
fxvt B provided essentially the same protection agonist errors of th« 
fir«t and second kind as does a test based on A* '.ad B*.    While an« 
can, usinj* formula« Ir» ^ *«/» c0*?^"^» A* in such a wüy as to give 
exactly strength (a,0), there a«ems to be little reason in most 
practical problems for «spending the time and eifert ir.volvado 
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In the non-replea—int caae    ' V(t) la «lmm by 

r ,r 
(l.)   V(t) - XT (n-iolXxj-*^) • (n-r)(t-xp) S £~ x^ • <n-r)<t^xr>, 

where x, denotes the Lime of the 1th failure (x^ - 0)» 

It is convenient, if one «ishes te graph the data cant ir.uou air 

5JI tine, to    rite (2) is the fern 

(5) -»^ * rs < 7(t) < h# * re 

where h , h_, and s are positive oonetanta given by 

,,, fc - log B leg A (6) h   -   f       h   -  ,      a 

%      *• 5     *. 

Further it can be showa as in /~7, pp. i»8-50^ that the 0,C, curve,  i0e,. 

the probahixity of accepting H    wüen 9 is ths true parameter value,  is 
o 

approximately given by a pair of parametric equations 

v <  «-   I       -   1 

(7) L(ö) -~-^T »        9"        J# 

log 
eo 

1 1 

by letting the parameter h run throu£i all real values» 

(?)    In the non-replacement case it aay happen that no decision ha» been 
reached by the  tine t - x , when all n items have failed.    This will 
then r;quire that we eithfcr put mere items on test and wait until  (2) 
Is vio   ited or else have a rule which will tell us ho* to terminate 
the txpsrinent and with what decision at t - x^     Fortunately n is  of>n 
at our disposal and se can be chosen sufficiently large  30 that the 
probability of reaching no decision by time x^ is negligible,.    For larr,« 
enough n, it really a&kes very little difference how we truncat« exosr: - 
mentation.    VJe could.  K*Z<- »  adopt the rule that Kn   is accepted  if (?) 
is satisfied for all t < x^. 
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The »alus af L{9) at the Urs points 9 « 0, 6^, 9, 9ft and   Or 

enaW.es one to slmf.ch the entire eure».    Thee* values are respectively 0, 

0, log A/(l»g A - leg B), 1-a, and 1. 

Wo now giTO, In tems of L(9), a foroula for EQ(r), the expected 

maaber of observations required to reach a decision when Ö i» the true 

parameter value.    Since the logarithm of the middle expression In (4) is 

either lag B or log A at the tine experimentation stops, ws have, neglecting 

only the excess over lag A, 

(8) E^r) log g? - E9(7(t)) ji - ^|Ee(?(t))<"L(9) log B • [l - L(9)j lag A. 

It i* pg-erad in the next section that 

(9) Ea(V(t)} -©Ea(r). 

Hence we hare from (9) and (10) 

L(9) log B • fl - L(9)"| log A        *L - UVÜ^ • hX) 
'•     a   ' •   ^ •••<•*>   -.1—--     -   - fOr    9^3 

log 

i 
'10)    ^(r)»^ 

t) 
s - 9 

\    - log A log B        h   hi 
1 B   . a     -   • -        far 9 - m. 

I Hi)' 
If we let k • ÖQ/ÖI, K^Cr) become) particularly simple vhcn 

9 - 9j_,  a, or 9#.    The result is 

(3.1) E^(r)/^[ß log B • (1 - *) leg A]J /jleg Jc * (k - i)] 

Fw(rW- log A log B/(log k)2 

EQ (r)<~[(l - a) leg 3 • a log Aj /[leg k - (k —1)1  - 



In table 1 we give Xe(r) for the five values 9-0, 9., s, 90>°» » for 

four values of k(3/2( 2, 5/2, 3)» anä the four number pairs (a,ß)   rtiich can 

be sade with the rnasbers .01 end .05» 

3.    A basic Idwatlty 

In this section (9) is derived.    While this result car. be obtained 

as a consequence of a theorem of Deob on continuous parameter Karting«!** 

£"lt p, 376_7, it see» desirable to git« & stapler proof.    We shall consider 

the repIaö«Bsnt case, where V(t) - nt, although the proof can be trivially 

aodified so ss to hold in non-replacescnt and truncsttd situations» 

In the replaceasnt case (9) beasses 

(12) Ke(t) - 5e(r) | . 

Thue we are relating expected waiting tlse to reach a decision to the 

expected nur. .«r of failures« 

T? prsrs (12) vs irt reduce a "larg«'' integer N and let s„ 

denote the tine of the Nth failure.,    Lei t denote the (first) tin« at 

| which the inequality (2) is violated or x•, «hieissvw cones sooner.    7h*r> 
'< 

ve can «rite 

(13) ^ - t • (x^x - t) - (x^2 - x^) • ...  • (*„ - x^a)B 

We either accept H^ before Xg, in which case t <• x_, ur »ceept H      before 

Xjjj  in viiich cas«    x< t < x_, s er take no actior. before XJJ,  in fchi ch 

case t «• ^ and T • Nc     Sl-v:* M is fixed in advance 

(14) EvXj,) - N | . 

Further it is easily verified that the (N-r) random v&i iables 

- i 
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Ö      carry/Q 
identically diatribe tad with tha exponential density   § •   *"'   , x > 0„ 

Harte« if we take tha expectation of '.-9th «Ida» of (lO,  first holding r 

fixad and Ihm taking tha expectation with raspact to r, wa obtaizi 

(15) K I - E9(t|ü5 • [H - %(P>»)J - 

•r 

(16) KQ(tjH) - V» I * 

Formula (16) halda for all N. ?sr K-^'**tha probability of cooing to a 

daciaion bafora z» tends to unity. Morsever aa N—»*o 

(17) 2a(rjH) f Ee(r)  and  Ee(tjN) f E^t), 

t&iara Eg(r) and E«(t) ara respectively tha estpectad number of failures and 

axpactad waiting tim« to raach a daeision if N •  ©• »    Thus it follows, 

lasting a—*a=a, that (16) becones 

(12) EQ(t) - E^r) I . 

Tha narv-raplacawint cess can ba traatad in exactly th* seaa vay0 

This is because 

I (18)      V(^) - V(t)*(«-r)(xr^i-.t)*(n«r-l)(xr>2-xr+1) • ..,  • (v:Ss-l)o 

i 

A» bafora, t • xr, if % is accaptad; x^ < t < X^^, if H, is accaptad; 

and t • x, if no daeision la raachad by tha tin« all n it-eras nave failed,. 

Tha last (n-r) components on tha right-hand aid« of (13) ara mutually 

independent randaa variables, aach distributad with th« p„d<,ft   (1)*    Thu« 
! 

It rollows as in the r* placers» t case that 
I 
; (19) £9(7(i.)in) - 0 Se(r-,!i)s 

1 
* 
5 



Aa n incre&aee, E^(r;n) f ^(r), the expected nusb«r of failuree in reaching 

a daciaion in. the r«piae«aent CM«.    Thus no matter how we decide to terminate 

exparia«ntati«n B9(7(t);n) can ha r«placad by 2e(7(t)) - 9 E&(r), "A*n n i« 

large.    In p:- >ctice, for "large" n ona could taka n > 3 max E (r)„ 

Remark:    It should ba not««4 that while we can ralat« «xp«ctad waiting tin« 

to tht oxpected number of failuraa in th« replacement case by (12),  (19) 

ralfetas expected total lifa (not waiting time) to the expected number of 

failuraa in tha non-re placagmnt caaa.    Actually ona haa to know tha 

probability distribution of r in crdar to compute E^it) azactly in tha non- 

replac«ment caaa.    It can ba shown, in tha non-replacement caaa that th« 

 SWUtt   -.-.     — y>-/    —-   B4faJ    ~V 

(20) Ee(t) -   ZL Fr(p • k|8) ^O^), 

1. 

where    Efl(Ij, _) • 9  5""*  l/n-i+1.    In tha replacassnt caaa one haa 

(analogous to (20)) th« formula 

(20«) Ee(t)'£"  Wf,^WtJ. 
it—Ä 

«alar« n is the aample siza maintained throughout the experiment end 

Eg(x.     ) - k9/n.    Thus, in tha raplzcanant caaa (20*) clearly beccxe« (12)0 

(20) is valid for all       life teat procedures which involve non-replacementc 

Similarly (2C) hold« for all    ' lifa teat prr»c«dures, where item* which 

fail are replaced« 

(4)    i~e„, for truncated or untruncated, sequential, or any similar 
procedure. Of course the probability diatribution of r doas d.^/id 
on the procedure which is followed. In /<>_7 explici t formulae for 
Pr(r - kj 9) are workod cat for three procedures. 
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gobies 1J    Find a sequential replaces)int procedure for testing 

V 9*     750° hour* *a**n»* %* °l " 250° hours wi«» a * 3 • e05.    Ths 

:onstan    r.u*b*r of Items under tort is n • 100. 

3clutiov ;    In this ct\am (2) 

.        r   -7{t)/3750 
|^<3   o <19, 

where V? ;) « 100t hours. 

Probi Is» £t    Compute S_(r) and IA(t) for 9 • 0. **..•- 9 , ard 

Solution From table i wo can read I^(r) for this cass, sines k - 9/9. • 3 

and a - - „05.    For 9 - 0, \ (- 2500), s (- 4115), % '- 7500), oO 

respect ^1> ws haw BQ(r) • 3, 6*1, 7.2, 2,9, 0.    Eg(t) is found mo*t 

!                                 easily : the replacement case for all rsluss . f &(? »o) by using (12), 

,    I EgCt) -      E9''r^    ?hü9 "* S*t f°r 8 " °> *1»  •» 9o r*spsctiT*ly, EQ(t) - 0, 

150,  '*"       i20a    For 9 • ö*> ,   the expected waiting time to reach a decision 

-105*^/3750      , 
is »iv*     jy t„ ?  »here    s " 30 *    Thi= glV*8 *•* " E o»vfc^ " n°" 

-9e log B 
Remark;    ?rore gens rally, in tens* of B* n, ©#, and k, t      • 

n(k - 1) 

This rae - 3 that if no items fail by tins tw0   stop sxpsriasntatlon at tma 

»ith &c< »ptsnee of H , 

Problem ;.    Atadw that ws are besting the hypothesis in Prsbls» 10    A 

saspl«    :   sis» IX is placed oi* test.     Iteas which fail are replaced by 

nev it«;   < drawn fro» the same 1st«    The »xparimevit is started at tia* t * 0. 

Th~ fir ••- failure occurs at *., * 20.1 hours, ths tacond failur* »t- 

Xj • 1C    5 hours * the third failure at x* • 121.7 hour?, the fsurfch failure 
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at A,   • io'/.t( hours, the filth failure at x. • 179.^ hours.     CALL tii.aa &ra 

measured frora t » 0o) 

(») Verify that r» decision has bran raaehad by time x.« 

(b) We kaap waiting for tb* sixth failure and note that it has not yet 

occurred at 287,5 hours (time measured fro« t • 0).    Verify that we 

can stop sxperlmsntatIon at time t • 267.5 with th« acceptance of H „• 

Solution:    It can be rmadlly verified that ir» this eaaa (5) bacoiwa 

-1G0 + 37.5r < t < 100 • 37.5r.    This region Is drawn in Figure 1.    Tb» 

life test data are plotted on the figure b/ KIT ins vertically so long as 

•we are waiting for the next failure to occur and morLng horizontally by 

one unit (in r) at each failure time.    Clearly the path crosses into the 

resist sf •ecseisres   whan r • 5    a* time t  • irv» + (3?»5)5 • 287=1-    Sine» 

tl-Kj sixth failure has not yet occurred we can stop «xpsrlsentation at 

t - 287 5 with the acceptance of H#. 

Remarkt    hi a matter of fact we happen to know in this case that the sixth 

failure occurs at xc • 346.7 hours.    Thus we s^ved 346.7 - 287» 5 • 59=2 hours 

by observing the life tvst continuously in time. 

Frsbl«a £i    The first ssren failure tisss in a sssspis of 100 (with replace- 

ment) are x,  - 19.3. s? " 45.8, Xg - 49.9, x^ - 96.7, x^ - 115.2, 

x^ - 12?s?» 3fe - 131.2.    Verify that if the hypotheses be3:<g tested are 

those in Problem 1, then H   is r#4«ct»«d at tine x» « 131D2 hours. 

Solution;    See Figure 2. 

Remark:    Not« that while the decision in Problem 3 is mad» between Xr and so, 

the decision in Problem 4 is mads at the failure time x~    Also there is an 

axe«»»' orer the boundary. 
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Problea fti    Find a truncated (non-eequentiAX) replacenent procedure for 

tsstiw the hypothesis In Problem lc    Uee constant sample sis« n - 100,, 

Solution;    From raaulta in ^o_7» it can b« verified that tha truncated 

replacement procedure a»sting the requireaents is aa follows: 

If sdn&_,  i<0?a$J - 407.$, truncate the experiment at 407.5 «Lth 

acceptance of H#.    If ainjxin, tD7.5| • =,c» truncate experimentation at 

x.    with acceptance of ?L.    The O.e.  curves of thia test procedura and the 

on» in Prob' »m 1 are essentially the 

Prvhlea 6:    Compute £e(r) and E^t) for the plan   in Freh3.es 5 tar 

9 -= 0, ©j, «. 0^, «£  . 

Solution:    From results in /"6 7, E_(r) - 10, 9.93, 8.75, 5.39t 0, 

Efl(t) • - E,.(r)o    For » « 0, 9,, s, 0 . oo   respectively, Eß(t) - 0,  248, 9 n    ö x e o 
360, 404.5, 407-5 respectively. 

Remark:    In Figures 3 and 4 we compare the EQ(r) and EQ(t)  curves for 

Problems 2 end 6.    This will give son» idea of the savings in the expected 

number of failures and tin» to reach a decision. 

Prsblss 7t    Find t„      in Fn»bl«« 1 if a - $ - .01. 

gelation»    tw «• 

when a - fl » .05«. 
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Saquantlal with r« places» nt tagt ef 

H^: e^ * 7500 hour» 
«gainst 

IL: 9, • 2500 hour» 

a - B - .05 

n • S.J4»pl» sizs - 100 

L JL 
10      u,    12     13      11»      i5~16 

r » number of failure* 

Fi«urs Is    Orapäiical tr»aira«ni 01 daia in Fr*?iU» 3, 



Rs1©ct H 

Soqaantlal with rcriLasawmt fat mt 

*Ls €L - 7500 boura 
a&aiaat 

Bji  6^ - 2J0O aoUTrt 

a - p - .05 

n « Sauplo dz« - 100 

J   1'   i  4   1 THJ—» i    j   ii   li   fe   h   U  W s- 
r • nunbar of failür*« 

l*^gtup» Zi Graphical traatoant of data in Probl« 4. 



L 

j—..L..1-J—i I_j L_JL 4 —I.... -f I— 
o <E O tf\ H 

:   1 



er- 

! 

"fr"1- 
\±/-'A ^ r> C"5 .-( 

1 <D 

J 
1 

§ 

8 
• *r\ 

t-l 

Q 

IftU 

^8 
C   VN 

i: o 

Q. 

*. 

"Sa? 
4» 

. « jr 

§•* 
-p   « 
•o o 

S^ 
S     - 
3 v\ 
er o 
©       c 
n  i 

n  et 
• x: 
C "** 

»| 
§   g; 
«S     ©;« 

vC   .1 

o 5 
c a o 

8 v\ 
o 

& 

o 



Bibliography 

1. J.  L.  Doob,   "Stochastic proceBees",  John Wiley and Sons, 1953° 

2. A,. Dvoretsky, J.  Kiefer, and J. Uolfowits,   "Sequential decision 
problem» for processes with continuous time parameter Testing 
hypoth#«>a"„  Annals of Kathsnatfcal Statistic* 2£, 254-264, 1953. 

3. B.  Epetain and M.  Sobel,  "Life tasting", Journal of th* A»ri can j 
Statistical Association, £8, 486-502,, 1953. 

i 
4. h. Epstein and M. Sobel,  "Life tasting-, A lecture giren at ths ? 

Stanford University *wpHng Inspection Conference, August 21, 1951* 

5. B. Epstein:,  "Statistical problees in life tasting",  Proceedings of 
the Seventh Annual Convention of th* Aserican Society for Quality 
Control, 385-398, 1953. 

6. B. Epstein,   "Seen results on truncated life tests in the exponential 
case", VJiyne University Technical Repert lio0 4, February, 1953. 
Sutndttr    for publication. 

?.    A. %ld,  "Seeder,! ial analyst*", John VKley and Sons, 1947. 

b  ! 


	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021

